In this paper, we introduce a new homological invariant called quasi-projective dimension, which is a generalization of projective dimension. We discuss various properties of quasi-projective dimension. Among other things, we prove the following. (1) Over a quotient of a regular local ring by a regular sequence, every finitely generated module has finite quasi-projective dimension.
Introduction
Homological invariants such as projective dimension, injective dimension, and flat dimension are central themes in commutative algebra and homological algebra. They not only give information about modules, but they also provide a means for classifying commutative Noetherian rings. For example, a commutative local ring R is regular if and only if every finitely generated R-module M has finite projective dimension, that is, M can be approximated in finitely many steps by free modules.
To study modules over non-regular rings, several homological invariants that generalize projective dimension (pd) have been defined: Auslander and Bridger [3] defined and studied Gorenstein dimension (G-dim), Avramov [6] defined and studied virtual projective dimension, and Avramov, Gasharov and Peeva [9] defined and studied complete intersection dimension (CI-dim). The main point of these homological invariants is that one extends the class of modules used to resolve.
The goal of this paper is to introduce a new homological invariant which also generalizes projective dimension, and study its properties. However, unlike the invariants pd, G-dim and CI-dim, our invariant is based on extending the notion of what is a resolution. We say that a module M over a commutative Noetherian ring R has finite quasi-projective dimension if there exists a finite complex of projective modules whose homologies are isomorphic to finite direct sums of copies of M . We use such complexes to define the new invariant quasi-projective dimension, qpd R M , for R-modules M (see Definition 3.1) . A remarkable distinction between quasi-projective dimension and the invariants pd, G-dim and CI-dim is that residue field of a commutative local ring always has finite quasi-projective dimension. The finiteness of these other invariants of the residue field, in contrast, force the ring to be regular, Gorenstein, and a complete intersection, respectively.
Just as for the invariants pd, G-dim and CI-dim, our invariant satisfies a version of the celebrated Auslander-Buchsbaum formula. Thus all invariants, pd, G-dim, CI-dim, and qpd agree whenever finite. We prove Theorem 1.1 in Section 4, as Theorem 4.4.
A common theme of the results of this paper is that modules with finite quasi-projective dimension behave homologically like modules over a complete intersection, or, more generally, modules of finite complete intersection dimension. This is not surprising in view of the fact that if R is the quotient of a regular local ring by a regular sequence, then every R-module has finite quasi-projective dimension (see [19] established the depth formula for Tor-independent modules over complete intersection local rings. Later, Araya and Yoshino [1] showed that the depth formula holds for finitely generated Tor-independent modules M and N over an arbitrary local ring provided one of M or N has finite complete intersection dimension. We prove Theorem 1.2 in Section 4 as Theorem 4.11.
Symmetry in vanishing of Ext first was proven by Avramov and Buchweitz [7] for finitely generated modules over complete intersections. Their proof relied on their development of support varieties for pairs of finitely generated modules. Later, Huneke and Jorgensen [17] introduced a class of Gorenstein local rings namely AB rings and generalized symmetry in vanishing of Ext over AB rings. Every local complete intersection ring is an AB ring, but not conversely, and there are examples of Gorenstein rings which are not AB rings. In Section 6, we prove the following symmetry in vanishing of Ext result over an arbitrary Gorenstein ring (see Theorem 6.15). Theorem 1.3. Let R be a Gorenstein ring, and M and N be finitely generated R-modules. Assume that qpd R M < ∞. Then Ext i R (M, N ) = 0 for all i ≫ 0 if and only if Ext i R (N, M ) = 0 for all i ≫ 0 We also prove in Section 6 several rigidity of Tor and Ext results for modules of finite quasi-projective dimension, which are akin to rigidity results for modules over a complete intersection. Another consequence of the theory of support varieties over a complete intersection R is that the long-standing Auslander-Reiten Conjecture holds for R: for every finitely generated R-module M we have Ext i R (M, M ) = 0 for all i ≫ 0 if and only if pd R M < ∞. This result was originally proven by Auslander, Ding and Solberg using different techniques; see [4] . The Auslander-Reiten conjecture also holds over AB rings and some classes of Artinian local rings; see [15] and [18] , but even over Gorenstein rings, it is open. We show in Theorem 6. 19 in Section 6 that modules of finite quasi-projective dimension satisfy the condition of the Auslander-Reiten conjecture. In Section 4 we investigate whether over a fixed ring there is a bound on the lengths of the minimal finite complexes of projectives realizing the modules of finite quasi-projective dimension.
In Section 7, we focus on ideals I of a commutative Noetherian ring R whose Koszul homologies are free R/I-modules. These ideals have finite quasi-projective dimension. A maximal ideal of R is such an example, however, there are many other examples. We call these ideals FKH ideals. It turns out that if I is an FKH ideal then qpd R R/I = grade R I. Among other results, we prove that over a Gorenstein ring R, if J is linked to an FKH ideal I, then qpd R R/J = grade R J. This result is an analogue of a theorem of Peskine and Szpiro [21] for linkage of perfect ideals over Gorenstein rings.
Preliminaries
Convention 2.1. Throughout this paper, unless otherwise stated, all rings are commutative Noetherian rings with identity. Let R be a ring. We denote by Mod R the category of R-modules, and by mod R the full subcategory consisting of finitely generated R-modules. The set of nonnegative integers is denoted by N. When R is local, edim R stands for the embedding dimension of R. We put (−) * = Hom R (−, R).
) be a complex of objects of A. For each integer i, we define the ith cycle Z i (X) = Ker ∂ i , the ith boundary B i (X) = Im ∂ i+1 and the ith homology H i (X) = Z i (X)/ B i (X). The supremum, infimum, homological supremum and homological infimum of X are defined by
The length of X is defined by length X = sup X − inf X. We call X bounded if it has finite length. For an integer j, the complex X[j] is defined by X
We recall the definition of projective dimension for objects in an abelian category. (1) . Suppose that R is local and M is finitely generated. Then one can take a minimal free resolution F of M , which is uniquely determined up to isomorphism. Whenever we work in this setting, we define the syzygies of M by using F , so that they are uniquely determined up to isomorphism.
We close this section with the following lemma which we will use frequently in the rest of the paper. Lemma 2.5. Let P = (· · · → P 1 → P 0 → 0) be a complex of projective R-modules. Then for an R-module N there are convergent spectral sequences N ) ). Proof. Since P is a complex of projective R-modules, the first spectral sequence is derived from the double complex P ⊗ R F where F is a projective resolution of N , and the second one is derived from the double complex Hom R (P, I) where I is an injective resolution of N ; see for example [23, Theorem 11.34 ].
Definition and basic properties of quasi-projective dimension
In this section we introduce our main objects of study, namely, modules of finite quasi-projective dimension, and then give some examples and basic properties. Definition 3.1. Let A be an abelian category with enough projective objects. Let M be an object of A.
(1) A quasi-projective resolution of M in A is defined as a complex P = (· · · → P 2 → P 1 → P 0 → 0) of projective objects of A such that for all i ≥ 0 there exist non-negative integers r i , not all zero, such that H i (P ) ∼ = M ⊕ri . We say that a quasi-projective resolution P is finite if P i = 0 for i ≫ 0.
(2) We define the quasi-projective dimension of M in A by (1) Every (finite) projective resolution of M is a (finite) quasi-projective resolution of M . In particular, the complex (· · · → 0 → 0 → 0) is a finite quasi-projective resolution of the module 0. (2) If M has finite projective dimension, then M has finite quasi-projective dimension. More precisely, there is an inequality qpd A M pd A M . (3) Let M = 0, and let P be a quasi-projective resolution of M . Then there exists a quasi-projective resolution P ′ of M with H 0 (P ′ ) = 0 and H i (P ′ ) ∼ = H i+t (P ) for all i ∈ Z, where t = hinf P . Indeed, if H 0 (P ) = 0, then ∂ 1 is surjective, and it is a split epimorphism. The truncated complex
The second, third and fourth statements in the following proposition will be refined for modules over local rings; see Corollary 4.5.
Proposition 3.3. Let A be an abelian category with enough projective objects.
(1) For an object M ∈ A and an integer n > 0, one has qpd A (M ⊕n ) = qpd A M .
(3) For an object M ∈ A and a nonzero projective object J ∈ A, one has qpd
Proof. (1) If P is a quasi-projective resolution of M , then P ⊕n is a quasi-projective resolution of M ⊕n . Conversely, if P is a quasi-projective resolution of M ⊕n , then it is also a quasi-projective resolution of M . The assertion now follows.
(2) The assertion is obvious if M = 0 = N . We may assume M = 0 = N and qpd A M < ∞ > qpd A N . Let P and P ′ respectively be quasi-projective resolutions of M and N of lengths a and b with r = sup P and s = sup P ′ and qpd A M = a − r and qpd A N = b − s. By assumption, H i (P ) ∼ = M ⊕mi and H j (P ′ ) ∼ = N ⊕nj for some m i , n j 0. Then the complex
(3) The assertion follows from (2) by letting N = J.
(4) We may assume M = 0 = N . Let P = (0 → P a → · · · → P 0 → 0) be a quasi-projective resolution of M with a = sup P , h = hsup P and qpd A M = a − h. Then for each i we have H i (P ) = M ⊕ni with n i 0. Note that n h = 0 and n i = 0 for all i > h. Set G i = J ⊕ni and let G = (0 → G a 0 − → · · · 0 − → G 0 → 0) be a complex. As G i is projective, the map π ⊕ni : G i → H i (P ) lifts to a map G i → Z i (P ). Composing this with the inclusion map Z i (P ) → P i , we get a map α i : G i → P i , and obtain a chain map α : G → P . The exact sequence 0 → P → Cone(α) → G[1] → 0 yields an exact sequence of homologies · · · → H i+1 (P ) → H i+1 (Cone(α)) → H i (G) → H i (P ) → · · · . By construction of G, the last exact sequence breaks into short exact sequences 0 → H i+1 (Cone(α)) → G i
is a quasi-projective resolution of N . Note that by construction, f is a surjection of projective objects, and hence it is a split epimorphism. Therefore Ker f is a projective object, and the truncation
with Ker f in degree 0 is a bounded complex of projective objects, which is a quasi-projective resolution of N . As sup L a and hsup L = hsup(Cone(α)) − 1 = h, we get qpd A N sup L − hsup L a − h = qpd A M .
A bounded complex of finitely generated projective R-modules is called perfect. Proof. Let Q = (0 → Q n → · · · → Q 0 → 0) be a quasi-projective resolution of M with n = sup Q, h = hsup Q and qpd R M = n − h. Note that each homology of Q is a finitely generated R-module. There is a quasi-isomorphism P → Q, where (P, ∂) is a complex of finitely generated projective R-modules with P i = 0 for all i < 0. Let
be two truncations of P . The complex P ′ is quasi-isomorphic to C[n], where C := P n / B n (P ). Note that C is a finitely generated R-module. Assume C = 0. Then ∂ n+1 is surjective, and ∂ n = 0. It is easy to see that P is quasi-isomorphic to P ′′ . Hence P ′′ is a quasi-projective resolution of M with sup P ′′ n − 1 and hsup P ′′ = hsup P = hsup Q = h. Thus qpd R M (n − 1) − h, which is a contradiction. Therefore C = 0.
For each R-module N and each integer i > 0 there are isomorphisms
where D, K stand for the derived and homotopy categories of Mod R, respectively. Indeed, the fourth isomorphims follows from applying the functor Hom D(Mod R) (−, N [n + i]) to the natural exact triangle P ′′ → P → P ′ → P ′′ [1] and verifying Hom K (P ′′ , N [n + i]) = 0 = Hom K (P ′′ [1] , N [n + i]) directly. This
− → P 0 → 0) is a perfect complex which is a quasi-projective resolution of M . As F is quasi-isomorphic to P , it is quasi-isomorphic to Q. We have sup F = n (as C = 0), hsup F = h and qpd R M = sup F − hsup F . Proof. (1) We have P ⊗ R S is a complex of projective S-modules. By Lemma 2.5, one has H i (P ⊗ R S) ∼ = H i (P ) ⊗ R S, which finishes the proof of the first assertion. Let us show the second assertion. It clearly holds if M ⊗ R S = 0, so we assume M ⊗ R S = 0. In particular, M = 0. We can also assume n := qpd R M ∈ N. Then there exists a quasi-projective resolution P of M with n = sup P − hsup P . For each i there is r i 0 such that H i (P ) ∼ = M ⊕ri .
We claim that sup(P ⊗ R S) sup P and hsup(P ⊗ R S) = hsup P . In fact, put s = sup P and h = hsup P . Then P i = 0 (resp. H i (P ) = 0) for all i > s (resp. i > h), so P i ⊗ R S = 0 (resp. (2) By Lemma 2.5 there is a spectral sequence
Since Tor R >0 (M, R/(x)) = 0, the spectral sequence shows that H i (P ) ⊗ R R/(x) ∼ = H i (P ⊗ R R/(x)) for each i. Thus the first assertion follows. The second assertion is shown by replacing S with R/(x) in the proof of (1).
(3) We may assume qpd R M < ∞. Proposition 3.4 guarantees that there exists a bounded complex F of finitely generated free R-modules which is a quasi-projective resolution of M over R and satisfies qpd R M = sup F − hsup F . By [13, Theorem 2.4] , there exists a bounded complex G of finitely generated free Q-modules with sup
Recall that an R-module M is called periodic if there exist an integer r > 0 and a projective resolution (P, ∂) such that ∂ i = ∂ r+i for all i 0. The minimal integer r satisfying this condition is called the periodicity of M .
The following proposition gives examples of modules of finite quasi-projective resolution.
Proposition 3.6.
(1) If m is a maximal ideal of R generated by n elements, then the R-module R/m admits a quasi-projective resolution of length n. In particular, one has qpd R k edim R < ∞ for every local ring R with residue field k.
Proof. (1) Consider the the Koszul complex K(x) on a system of generators x = x 1 , . . . , x n of m. This is a perfect complex and each homology is a finite-dimensional vector space over R/m. Hence it is a quasi-projective resolution of the R-module R/m.
(2) There is a projective resolution (P, Proof. Set C = P ⊗ Q R. Since x is a regular sequence, the Koszul complex K(x, Q) is a free resolution of R over Q. For each 0 i c there are isomorphisms
where the last isomorphism holds since xM = 0. Since the map Q → R is surjective, the above isomorphisms are isomorphisms of R-modules.
The following corollary is immediate from the above proposition. For a module M over a local ring R, we denote by CI-dim R M the complete intersection dimension (or CI-dimension) of M ; we refer the reader to [9] for details. In view of Proposition 3.7, it is natural to ask the following question. We do not have an answer to this question, but the following remark gives some information. 
Dwyer, Greenlees and Iyengar [16] defined a virtually small complex as a complex X of R-modules whose thick closure in the derived category of R contains a non-exact perfect complex. Proof. Let P = (0 → P n → · · · → P 0 → 0) be a quasi-projective resolution of M . Then P is non-exact as M = 0, and for each i there is r i 0 such that H i (P ) ∼ = M ⊕ri . In general, every bounded complex X of R-modules belongs to the thick closure of the homology complex H(X); see [16, 3.10] for instance. Hence, P belongs to the thick closure of H(P ), which coincides with the thick closure of M .
In Remark 4.9, we will see that the converse of the above proposition does not necessarily hold true. According to [22, Theorem 5 .2], a local ring R is a complete intersection if and only if every nonexact bounded complex of finitely generated R-modules is virtually small. Combining this with Proposition 3.11 and Corollary 3.8 naturally leads us to the following question, asking whether the converse of the first statement of Question 3.9 holds true. Question 3.12. Let R be a local ring. Suppose that every finitely generated R-module has finite quasiprojective dimension. Then is R a complete intersection?
In Theorem 6.4, we will give a weak positive answer to this question, that is, we will prove that such a ring R has to be AB.
The Auslander-Buchsbaum Formula and Depth Formula
In this section, first we establish the Auslander-Buchsbaum formula for modules of finite quasiprojective dimension, and then, we show that the depth formula holds for such modules. 
Proof. Let t, u be the left-hand and right-hand sides of the equality in the proposition, respectively. Then t ∈ N ∪ {∞}, while we see that u ∈ N ∪ {∞}. We have t = inf{sup P − hsup P | P is a finite quasi-projective resolution of M } u.
If t = ∞, then a minimal free resolution of M is a minimal quasi-projective resolution of M , and u = ∞. Assume t ∈ N. By Proposition 3.4 there exists a complex G = (0 → G n → · · · → G 0 → 0) of free R-modules of finite rank that is a quasi-projective resolution of M with G n = 0 such that t = n − h, where h := hsup G. As G is bounded below, we can take a minimal free resolution (F, ∂) of G, that is, a minimal complex of free modules which is quasi-isomorphic to G. It follows from [5, Proposition 1.1.2(iv)] that there is an isomorphism (in the category) of complexes G ∼ = F ⊕ E such that E is exact. Then
which is a minimal finite quasi-projective resolution of M . It is seen that sup F = n and hsup F = h. Hence t = n − h = sup F − hsup F u, and therefore t = u.
Remark 4.2. The lengths of minimal quasi-projective resolutions may not be the same. For example, let (R, m) be a local ring with edim R ≥ 2 and m 2 = 0. Then the Koszul complex K of R with respect to the minimal system of generators of m is a minimal quasi-projective resolution of k of length edim R. Since m 2 = 0, a truncation (0 → K 1 → K 0 → 0) of K is a minimal quasi-resolution of k as well. Proof. Suppose t := depth R < depth M . Then there exists a sequence x = x 1 , . . . , x t in R which is regular on both R and M . Replacing R and M with R/(x) and M/xM respectively, we may assume depth R = 0 by Proposition 3.5 (2) . According to Proposition 4.1, one can take a minimal quasi-projective
As F is minimal, Hom(k, d n ) = 0 and therefore Hom R (k, H n (F )) ∼ = Hom R (k, F n ). Recall depth M > depth R = 0 and H n (F ) is a direct sum of copies of M . We get Hom R (k, H n (F )) = 0, and Hom R (k, F n ) = 0. As F n = 0, we obtain Hom R (k, R) = 0, that is, depth R > 0, which is a contradiction. 4.1. The Auslander-Buchsbaum Formula and its consequences. We prove the Auslander-Buchsbaum formula for modules of finite quasi-projective dimension. 
which completes the proof of the theorem. 
(2a) The assertion immediately follows by putting N := F in (1). (2b) We may assume that M is a nonfree R-module with qpd M < ∞. Then Proposition 3.3(4) implies qpd(ΩM ) < ∞, and we obtain
Here is an immediate but interesting consequence of Theorem 4.4, which is used later. 
The assumption of the corollary and Theorem 4.4 imply n = h. There is an exact sequence 0 → H n (F ) → F n → F n−1 (note that F −1 = 0) and H n (F ) = M ⊕r = 0 for some r > 0.
Applying the above corollary, we get the following result.
Proof. If depth R > 0, then Soc R = 0 and the conclusion clearly holds. So we may assume depth R = 0. By Corollary 4.6 the R-module M is a syzygy, and so is N . Hence there exists a monomorphism f = (f 1 , . . . , f n ) : N ֒→ R ⊕n with n > 0. Pick any element s ∈ Soc R. Suppose that f t (sx) = s · f t (x) = 0 for some 1 t n and x ∈ N . Then f t (x) is a unit of R. Hence the map f t : N → R is surjective, and it is a split epimorphism. This contradicts the choice of N , and we have f i (sy) = 0 for all 1 i n and y ∈ N . Therefore f (sy) = 0, and sy = 0 by the injectivity of f . Thus Soc R ⊆ Ann N .
So far, no module with infinite quasi-projective dimension has appeared. So, one may wonder if all modules have finite quasi-projective dimension, especially in view of the fact that the residue field of a local ring does so (Proposition 3.6). The corollary above gives many examples of modules of infinite quasi-projective dimension. For example: Here is another corollary of Theorem 4.4. 
As R p is a local ring, we can apply Theorem 4.4 to obtain n s qpd Rp 
This implies s = n, and the equality qpd R M = pd R M holds. 4.2. The Depth Formula. Next, we prove that the depth formula holds for modules of finite quasiprojective dimension. Proof. The assertion of the theorem is clear if either M or N is free, so we assume that neither M nor N is free. According to Proposition 4.1, there exists a minimal quasi-projective resolution
This is a minimal free resolution of C, so that pd C = n − s.
Using the assumption that Tor R >0 (M, N ) = 0, we see that Tensoring N with (4.11.1) and noting Tor R 1 (B s−1 , N ) = 0, we get exact sequences
where H s (F ) ⊗ R N = M ⊕rs ⊗ R N = 0 by Nakayama's lemma. We claim the following. Indeed, if depth(M ⊗ R N ) = 0, then it follows from (4.11.4) that depth(C ⊗ R N ) = 0, and the equality follows from (4.11.2) and (4.11.3). From now on, we prove the assertion of the theorem by induction on depth N . Assume depth N = 0. Then by (4.11.2) we have
Note that both pd C and depth(C ⊗ R N ) are nonnegative. Hence n − s = pd C = depth(C ⊗ R N ) = 0, which implies n = s and C = F n . There is an exact sequence
Tensoring N shows Tor R >0 (D, N ) = 0, and we obtain an exact sequence
from (4.11.4) and (4.11.5). Applying Hom R (k, −) gives an exact sequence (2) (Huneke and Wiegand [19] ) R is a complete intersection.
Finitistic length for quasi-projective resolutions
We have studied quasi-projective dimension so far, but it is also natural to ask about the infimum of the lengths of quasi-projective resolutions of a given object. In this section, we investigate this question. We make the following definition. (2) Let R be a local ring, and let M be a finitely generated R-module. One then has
This is a consequence of the proof of Proposition 3.4.
Let R be a local ring. It is easy to deduce from Theorem 4.4 that
Thus it is natural to think about the following numerical invariant.
Definition 5.3. We define the finitistic quasi-projective length of R by
Recall that the codepth of a finitely generated module M over a local ring R is defined as codepth Proof. (1) We may assume qpl R M = n ∈ N. Then we can take a minimal quasi-projective resolution F = (0 → F n → · · · → F 0 → 0) of M . Localizing F at any p ∈ Min R M , we get a quasi-projective resolution F p = (0 → (F n ) p → · · · → (F 0 ) p → 0) of M p . Since M p has finite length over R p , so does each homology of the complex F p . The new intersection theorem implies that n ≥ dim R p = ht p.
(2) The assertion immediately follows from (1) and by definition. (4) Let qpl R k = l. Then by (2) and (3), we have l ≤ edim R. By the proof of Proposition 4.1, there exists a minimal quasi-projective resolution F of k such that l = sup F . Therefore level k R (F ) l + 1 by the proof of [16, 3.10]; see [8] for the definition of a level and the details. By [8, Theorem 11.3 
Since F is a perfect complex, it has finite projective dimension in the derived category of R. Therefore cx R F = 0 and hence l ≥ edim R.
The following result shows that the equality of the first inequality in Proposition 5.4(2) does not necessarily hold.
Theorem 5.5. Let (R, m, k) be a local ring. One has equivalences:
R is a discrete valuation ring, or R is not a field but an artinian hypersurface, or R is not a field but satisfies m 2 = 0.
Proof. (1) If R is a field, then every R-module is free and finqpl R = 0. By Proposition 5.4(2), if finqpl R = 0, then qpl R k = 0. Now, assume qpl R k = 0. Then there exists a minimal quasi-projective resolution F = (0 → F 0 → 0) of k. We have R ⊕a ∼ = F 0 ∼ = H 0 (F ) ∼ = k ⊕b for some a, b > 0. Taking the annihilators implies m = 0, and hence R is a field.
(2) When R is a discrete valuation ring, it is seen from (1) and Proposition 5.4(3) that finqpl R = 1.
When R is an artinian hypersurface which is not a field, Cohen's structure theorem shows R ∼ = S/(x n ) for some discrete valuation ring (S, xS, k) and n 2. It follows from (1) and Proposition 5.4(3) that finqpl R = 1.
When m 2 = 0 but R is not a field, there is an isomorphism m ∼ = k ⊕e with e = edim R. Take a minimal system of generators
Hence F is a quasi-projective resolution of k, which implies qpl R k 1. Let M be an R-module with qpd R M < ∞. Then M is a syzygy by Proposition 4.6, and it is seen that M is a direct sum of copies of R and k. Hence qpl R M 1 by Corollary 4.5(2a). This together with (1) shows finqpl R = 1.
It follows from (1) and Proposition 5.4(2) that if finqpl R = 1, then qpl R k = 1. Suppose qpl R k = 1. Then R is not a field by (1) , and there exists a minimal quasi-projective resolution F = (0 → F 1 → F 0 → 0) of k. Note by Remark 3.2(3) that H 0 (F ) = 0. Letting H 1 (F ) = k ⊕a and H 0 (F ) = k ⊕b with a 0 and b 1, we get an exact sequence in the lower left, which gives rise to an isomorphism in the lower right.
The isomorphism especially says that m kills Ω 2 k. Write Ω 2 k = k ⊕c with c 0, and we get an exact sequence 0 → k ⊕c → R ⊕e π − → m → 0, where we set e = edim R. If c = 0, then R is a discrete valuation ring, and we are done. If e = 1, then R is an artinian hypersurface, and again we are done. So let c 1 and e 2. Let x 1 , . . . , x e be a minimal system of generators of m, and put G 
re − re = 0, which means L = 0. Thus the map π : (R/ Soc R) ⊕e → m is an isomorphism. Note that this map sends an element (a 1 , . . . , a e ) ∈ (R/ Soc R) ⊕e to the element e i=1 a i x i ∈ m. It is observed that m = (x 1 , . . . , x e ) = (x 1 )⊕· · ·⊕(x e ) and R/ Soc R ∼ = (x i ) for each 1 i e. Taking the annihilators, we get Soc R = (0 : x i ). Recall that e 2. Fix two integers 1 i, j e with i = j. Then x i x j ∈ (x i ) ∩ (x j ) = 0, and x j ∈ (0 : x i ) = Soc R. It follows that the maximal ideal m = (x 1 , . . . , x e ) is contained in Soc R, which means m 2 = 0. Thus, the proof of the theorem is completed. depth R = d, whence hsup F = 0. This means that F is a projective resolution of H 0 (F ), which is isomorphic to k ⊕t for some t > 0. Hence pd R k < ∞, and R is regular.
We close this section with some natural questions. Then for an integer n ≥ 1 the following hold.
Proof. We may assume H 0 (P ) = 0. First we prove (1) To see (2) and (4), note that by Lemma 2.5 there exists a third quadrant spectral sequence N ) . Now, similar arguments as in (1) Here is an immediate application of Theorem 6.1. (R, m, k) be a local ring of depth t. If Tr Ω t k has finite quasi-projective dimension, then R is Gorenstein. In particular, a local ring over which every finitely generated module has finite quasi-projective dimension is an AB ring.
− → P 0 → 0) be a quasi-projective resolution of T with s = sup P , h = hsup P and qpd R T = s − h. Letting C be the cokernel of ∂ h+1 , we have pd R C < ∞ and there is a monomorphism H h (P ) ֒→ C. Since H h (P ) is a nonzero direct sum of copies of T , we get a monomorphism T ֒→ C. It follows from [25, Theorem 1.3] that R is Gorenstein.
If every finitely generated R-module has finite quasi-projective dimension, then it follows from Corollary 6.3 and Theorem 4.4 that R is AB.
The example below says that the converse of the second assertion of Theorem 6.4 does not hold in general. Example 6.5. Let A = k[x, y]/(x 2 , xy, y 2 ) with k a field, and consider the trivial extension R = A ⋉ E A (k). The A-module E A (k) has a minimal free presentation A ⊕3
Using this, we easily see that R ∼ = k[x, y, u, v]/(x 2 , xy, y 2 , xu, yv, xv − yu, u 2 , uv, v 2 ). Note that R is an artinian Gorenstein local ring with edim R = 4 and dim k R = 6. It follows from [17, Theorem 3.5] or [24, Theorem 3.4 ] that R is AB. However, the R-module A via the natural surjection R ։ A is not virtually small by [16, Example 9.13 ]. This R-module does not have finite quasi-projective dimension by Proposition 3.11.
For the convenience of the reader, we give the following remark. Remark 6.6. Let R be a local ring. Consider the following conditions. (1) The ring R is a complete intersection.
(2) Every finitely generated R-module has finite quasi-projective dimension. For a module M over a local ring R, we denote by cx R M the complexity of M . The details can be found in [5, 9] . It is worth reproving the following well-known result as an application of Theorem 6.1. Corollary 6.7. Let R be a local ring, and let M be a finitely generated R-module. Put c = cx R M + CI-dim R M , and let N be an R-module and n ≥ 1 be an integer. If Tor R i (M, N ) = 0 (resp. Ext i R (M, N ) = 0) for all n ≤ i ≤ n + c, then Tor R i (M, N ) = 0 (resp. Ext i R (M, N ) = 0) for all i > CI-dim R M . Proof. We only prove the result for Tor; a similar argument applies for Ext. We may assume CI-dim M < ∞. By [9, Theorem 5.10] there is a quasi-deformation
We may assume R = R ′ . Let C be a quasi-projective resolution of M as in the proof of Proposition 3.7, and let r, s, l be same as in Theorem 6.1. Since H i (C) ∼ = Tor Q i (M, R) and H i (C ⊗ R N ) ∼ = Tor Q i (M, N ), we have r, s, l ≤ c. As CI-dim R M = depth R − depth M , the result follows by Theorems 6.1(1), 4.4 and Corollary 6.3 (2) .
In the following, we recall definition of the Gorenstein dimension which we use in the rest of this section. N ) ) vanishes for all n i n+t−1, then it vanishes for i = n+t+1. N ) ) vanishes for all n + 2 i n + t + 1, then it vanishes for i = n. Proof. Remark 3.2(3) guarantees the existence of a finite quasi-projective resolution P with H 0 (P ) = 0. Set g = G-dim R M ∈ N. Replacing M with Ω g M , we may assume that M is totally reflexive. If t = 0, then pd R N < ∞ and Tor >0 (M, N ) = Ext >0 (M, N ) = 0 by the proof of [3, Proposition 4.12] 1 . So let t > 0. Set C = Coker ∂ t+1 . Since pd R C < ∞, similarly as above Tor >0 (M, C) = Ext >0 (M, C) = 0. There are exact sequences
where Z i = Z i (P ), B i = B i (P ) and H i = H i (P ). We use the fact that each P i is projective and each H i is a direct sum of copies of N . The following corollary is immediate from the above theorem. N ) ) vanishes for all n i n + qpl R N , then it vanishes for all i > G-dim R M .
Proof. Proposition 3.4 gives a perfect complex P which is a quasi-projective resolution of M . By Lemma 2.5, there exists an spectral sequence Ext p R (H q (P ), R) ⇒ H p+q (P * ). Since Ext >0 R (M, R) = 0, we get an isomorphism (H q (P )) * ∼ = H q (P * ) for all q ≥ 0. Since (H q (P )) * is a direct sum of copies of M * and P * is a complex of projective R-modules, it follows that P * is a quasi-projective resolution of M * . Hence qpd R M * < ∞.
By Proposition 3.3(4) we have qpd R Ω i M < ∞ for all i ≥ 0. For i < 0, one has Ω i M ∼ = (Ω −i (M * )) * . Therefore by the last argument and Proposition 3.3(4) we get qpd R Ω i M < ∞. Proposition 6.14. Let M, N be R-modules. Assume that M has finite G-dimension, and that either M or N has finite quasi-projective dimension. Then the following equivalences hold.
Proof. We only prove that Ext ≪0 R (M, N ) = 0 implies Ext i R (M, N ) = 0 for all i ∈ Z; the other implications are either obvious or similarly shown. We may assume M = 0 = N . In view of Remark 6.9 and Proposition 3.3(4), we may also assume that M is totally reflexive. Let t be an integer such that Ext i R (M, N ) = 0 for all i ≤ t. Proof. In both of the two assertions, we may assume M = 0.
(1) There exists a quasi-projective resolution P = (0 → P n ∂n −→ · · · ∂1 − → P 0 → 0) of M with P n = 0. Put Z i = Z i (P ), B i = B i (P ) and H i = H i (P ). Then H i = M ⊕ri for some r i 0. In view of Remark 3.2(3), we may assume H 0 = 0, and hence r 0 > 0. We have exact sequences
The second sequence in (6.19.1) shows that Z i ∼ = Ω R B i−1 . From the first sequence in (6.19.1) (with i replaced with i − 1) we get an exact sequence 
is surjective. This implies that the canonical surjection b i : Z i → H i factors through the inclusion map c i : Z i → P i , that is, there is a homomorphism ρ i : P i → H i with b i = ρ i c i . As a i is an inclusion map as well, we observe that ρ i (B i ) = ρ i c i a i (B i ) = b i a i (B i ) = 0, and hence ρ i ∂ i+1 = 0. We obtain a chain map
and it is easy to verify that each induced map H i (ρ) : H i (P ) = H i → H i = H i (H(P )) is the identity map. Therefore ρ is a quasi-isomorphism, which induces an isomorphism
in the derived category of R. 
Ideals with free Koszul homology
In this section, we are interested in ideals I such that the Koszul complex with respect to a system of generators of I is a quasi-projective resolution of R/I. We call such an ideal an ideal with free Koszul homology or briefly an FKH ideal.
Let x = x 1 , . . . , x n be a sequence of elements in R. We denote with K(x) and H i (x), the Koszul complex and the ith Koszul homology of R with respect to x, respectively. In the case where R is local and x minimally generates an ideal I, one has H i (x) is uniquely determined by I and does not depend on the choice of x. In this case we write K(I) = K(x) and H i (I) = H i (x). (1) If I is a maximal ideal of R, then I is an FKH ideal.
(2) If I is a complete intersection ideal (i.e. I is generated by a regular sequence), then I is FKH.
(3) If I is a quasi-complete intersection ideal, then I is FKH; see [10] . Lemma 7.7. Let R be a ring and let I be an ideal of R. Suppose I is generated with x 1 , . . . , x n such that x = x 1 , . . . , x c is a regular sequence for some 0 ≤ c ≤ n. Then H i (x 1 , . . . , x n ) ∼ = H i (x c+1 , . . . , x n ) where x i is the image of x i over R/(x).
Proof. It follows from [14, Theorem 1.6.13(b)] by setting M = R.
Peskine and Szpiro [21] introduced theory of linkage of ideals over commutative Noetherian rings. Two nonzero ideals I and J are said to be linked if there exists a regular sequence x = x 1 , . . . , x n ∈ I ∩ J such that (I : R (x)) = J and (J : R (x)) = I. In [21] they proved that if R is Gorenstein local ring and I is a perfect ideal (i.e pd R R/I = grade R I) then J also is perfect.
We call an ideal I quasi-perfect if qpd R R/I = grade R I. The following result partially provides an analogue of theorem of Peskine and Szpiro for quasi-perfect ideals. In general, we don't know that over a Gorenstein local ring R, if I is a quasi-perfect ideal of R then its linked ideal is also quasi-perfect. Since x H i (I) = 0 the last long exact sequence breaks into short exact sequences 0 → H i (I) → H i (K(I)) → H i−1 (I) → 0 for all i ≥ 0. Since K(I) is a Koszul complex over R/(x) with respect to a sequence of minimal generators of I/(x), one has H i (K(I)) is an R/I-module for all i. Therefore the last short exact sequences splits, and so H i (K(I)) is a free R/I-module for all i. Therefore I/(x) is an FKH ideal of R/(x).
Next, by modding out with (x) we have R/I is a totally reflexive R/(x)-module. Set S = R/(x). Since R/J ∼ = Ω −1 (Hom S (R/I, S)), it follows from Lemma 6.13 and the Auslander-Buchsbaum formula 4.4 that qpd S R/J = 0. Now, Proposition 3.5(3) says that qpd R R/J ≤ g = grade R J. This finishes the proof. The following result provides an affirmative answer to Question 6.18 in a special case. ≫0 (I/(x), I/(x)) = 0. Let x 1 , · · · , x n be a minimal generator of I, where x 1 = x. By Lemma 7.7, we have H i (I) ∼ = H i (I/(x)) where H i (I/(x)) is the ith Koszul homology over R/(x) with respect to the ideal I/(x) = (x 2 , · · · , x n ). Hence H i (I/(x)) is free for all i ≥ 0. Now the result follows by induction.
